Some applications of Fibonacci and Lucas numbers by Flaut, Cristina et al.
ar
X
iv
:1
91
1.
06
86
3v
1 
 [m
ath
.R
A]
  1
5 N
ov
 20
19
Some applications of Fibonacci and Lucas numbers
Cristina FLAUT, Diana SAVIN and Gianina ZAHARIA
Abstract. In this paper, we provide new applications of Fibonacci and Lucas
numbers. In some circumstances, we find algebraic structures on some sets defined
with these numbers, we generalize Fibonacci and Lucas numbers by using an arbitrary
binary relation over the real fields instead of addition of the real numbers and we give
properties of the new obtained sequences. Moreover, by using some relations between
Fibonacci and Lucas numbers, we provide a method to find new examples of split
quaternion algebras and we give new properties of these elements.
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1. Introduction
There have been numerous papers devoted to the study of the properties
and applications of Fibonacci and Lucas sequences. Due to this fact, to obtain
new results in this direction is not always an easy problem. Our purpose in
this chapter is to provide new applications of these sequences. Therefore, we
studied if some algebraic structures can be defined by using Fibonacci and Lucas
elements and we provided some new properties and relations of them.
Moreover, by taking into consideration some known relations between these
numbers, we give a method to find new examples of quaternion split algebras.
This method can be an easy alternative to using the properties of quadratic
forms.
Let (fn)n≥0 be the Fibonacci sequence
fn = fn−1 + fn−2, n ≥ 2, f0 = 0; f1 = 1,
and (ln)n≥0 be the Lucas sequence
ln = ln−1 + ln−2, n ≥ 2, l0 = 2; l1 = 1.
Let n be an arbitrary positive integer and let p, q be two arbitrary integers. In
the paper [Fl, Sa; 15], we introduced the sequence (gn)n≥1 , where
gn+1 = pfn + qln+1, n ≥ 0, (1.1)
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with g0 = p+ 2q, g1 = q. We remark that gn = gn−1 + gn−2.
This sequence is called generalized Fibonacci-Lucas numbers. To avoid confu-
sions, from now on, we will use the notation gp,qn instead of gn.
Let H (α, β) be the generalized real quaternion algebra, i.e. the algebra of the
elements of the form a = a1 ·1+a2e2+a3e3+a4e4, where ai ∈ R, i ∈ {1, 2, 3, 4},
and the elements of the basis {1, e2, e3, e4} satisfy the following rules, given in
the below multiplication table:
· 1 e1 e2 e3
1 1 e1 e2 e3
e1 e1 α e3 αe2
e2 e2 −e3 β −βe1
e3 e3 −αe2 βe1 −αβ
.
We denote by t (a) and n (a) the trace and the norm of a quaternion a. The
norm of a generalized quaternion has the following expression
n (a) = a21 − αa22 − βa23 + αβa24. (1.2.)
If, for x ∈ H (α, β), the relation n (x) = 0 implies x = 0, then the algebra
H (α, β) is called a division algebra, otherwise the quaternion algebra is called
a split algebra. For α = β = −1, we obtain the real division algebra H.
2. Preliminaries
First of all, we recall some elementary properties of the Fibonacci and Lucas
numbers, properties which will be used in this chapter.
Let (fn)n≥0 be the Fibonacci sequence and let (ln)n≥0 be the Lucas sequence.
Let α = 1+
√
5
2
and β = 1−
√
5
2
, be two real numbers.
The following formulae are well known:
Binet’s formula for Fibonacci sequence
fn =
αn − βn
α− β =
αn − βn√
5
, n ∈ N.
Binet’s formula for Lucas sequence
ln = α
n + βn, n ∈ N.
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Proposition 2.1. ([Fib.]). Let (fn)n≥0 be the Fibonacci sequence and let
(ln)n≥0 be the Lucas sequence. Therefore, the following properties hold:
i)
5 | fn if and only if 5 | n.
ii)
f2n = ln · fn, n ∈ N.
iii)
f2n + f
2
n+1 = f2n+1, n ∈ N.
iv)
f2n − fn+1fn−1 = (−1)n−1 , n ∈ N.
v)
f−n = (−1)n+1 fn, n ∈ N.
vi)
l−n = (−1)n ln, n ∈ N.
vii)
l2n = 5f
2
n + 4 (−1)n , n ∈ N.
viii)
l2n = l
2
n + 2 (−1)n+1 , n ∈ N..
ix)
l2nl2n+2 − 5f2n+1 = 1, n ∈ N.
x)
f2n + f
2
n = 2fnfn+1, n ∈ N.
xi)
f2n − f2n = 2fnfn−1, n ∈ N.
xii)
l2n − f2n = 4fn−1fn+1, n ∈ N.
xiii)
f2n = f
2
n+1 − f2n−1, n ∈ N.
3
xiv)
l4n = 5f
2
2n + 2, n ∈ N.

Proposition 2.2. ([Gi, Sz; 06]). Let K be a field. Then, the quaternion
algebra HK (a, b) is a split algebra if and only if the conic
C (a, b) : ax2 + by2 = z2
has a rational point over K∗, i.e. there are x0, y0, z0 ∈ K∗ such that ax20+by20 =
z20 . 
3. Main results
For the beginning, we want to find some properties of Fibonacci numbers
f5n, n ∈ N. We start with some examples.
Example 3.1. f10 = 55 = 11f5, f15 = 610 = 11f10 + f5 = 122f5, f20 =
11f15 + f10 = 6765 = 1353f5.
Using the computer algebra system Magma ([Mag.]), by using the function
Fibonacci(n), we obtain another example.
We get f65 = 17167680177565, f35 = 9227465 and f65 div f35 is 1860497,
f65 mod f35 is 9227460 and 9227460 div f5 is 1845492. Therefore, it results that
f65 = 1860497f35+ 9227460 = 1860497f35+ 1845492f5.
Proposition 3.2. The set
A = {αf5n|n ∈ N, α ∈ Z}
is a commutative non-unitary ring, with addition and multiplication.
Proof. We remark that f0 = 0 ∈ A is the identity element for addition on
A. It is clear that the addition on A is commutative.
We consider the Fibonacci number f5n. If n 6= 0, there are two cases.
Case 1. If n is even, then n = 2k, where k ∈ N−{0}. Applying Proposition 2.1
ii), we have that f5n = f10k = l5kf5k. If we denote l5k = a ∈ N−{0}, we obtain
f5n = f10k = af5k and, applying Proposition 2.1 i), we obtain f5k = a
′f5, where
a
′ ∈ N− {0}. It results,
f5n = f10k = af5k = aa
′
f5, with a, a
′ ∈ N− {0}. (3.1)
Case 2. If n is odd, then n = 2k + 1, where k ∈ N− {0}. We have
f5n = f10k+5 = f10k+4 + f10k+3 = 2f10k+3 + f10k+2 =
4
= 3f10k+2 + 2f10k+1 = 5f10k+1 + 3f10k = f10k+1f5 + 3f10k.
If we denote f10k+1 = a∈ N − {0}, we obtain f5n = af5 + 3f10k. Applying
Proposition 2.1 i), we get f10k = bf5, where b∈ N− {0}. It results
f5n = f10k+5 = af5 + 3f10k = (a+ 3b) f5, with a, b ∈ N− {0}. (3.2)
From the relations (3.1) and (3.2), we have that αf5n − βf5m = γf5l, for each
n,m ∈ N and for each α, β ∈ Z,where l ∈ N, γ ∈ Z. Therefore (A,+) is a
subgroup of the group (Z,+) .
Applying Proposition 2.1 i), we obtain that αf5nβf5m = δf5r, for each n,m ∈ N
and for each α, β ∈ Z, where r ∈ N, δ ∈ Z. From here, it is clear that the
multiplication on A is commutative.
Therefore (A,+, ·) is a commutative non-unitary subring of the ring (Z,+, ·). 
Using the above proposition, we obtain the below results.
Proposition 3.3. We consider (gp,qn )n≥1the generalized Fibonacci-Lucas
numbers and the set
M =
{
n∑
i=1
g
pi,5qi
5ni
|ni ∈ N, pi, qi ∈ Z
}
∪ {0} .
Then, the following relations are true:
i) (M,+) is a subgroup of the group (5Z,+) .
ii) M is a bilateral ideal of the ring (Z,+, ·).
Proof. Using Proposition 2.1 i), we have 5 | gαp,5αq5n , for all n ∈ N and
p, q ∈ Z. Let n,m ∈ N− {0} and p, q, p′ , q′ , α, β ∈ Z. We obtain that
αg
p,5q
5n + βg
p
′
,5q
′
5m = g
αp,5αq
5n + g
αp
′
,5αq
′
5m .
From here, we obtain conditions i) and ii). 
Proposition 3.4. With the above notations, the following statements are
true:
1) The quaternion algebra HQ (f10n+5,−1) is a split algebra over Q, n ∈ N.
2) The quaternion algebra HQ
(
1
5
l20n,− 25
)
is a split algebra over Q, n ∈ N.
3) The quaternion algebra HQ
(
fn+1fn−1, (−1)n−1
)
is a split algebra over Q,
n ∈ N.
4) The quaternion algebra HQ (5, (−1)n) is a split algebra over Q, n ∈ N.
5) The quaternion algebra HQ (l2nl2n+2,−5) is a split algebra over Q, n ∈ N.
6) The quaternion algebra HQ (2fnfn+1,−f2n) is a split algebra over Q, n ∈ N.
7) The quaternion algebra HQ (f2n,−2fnfn−1) is a split algebra over Q, n ∈ N.
8) The quaternion algebras HQ
(
fn−1fn+1, f2n
)
and HQ (1,−fn−1fn+1) are split
algebras over Q, n ∈ N.
9) The quaternion algebra HQ (f2n, 1) is a split algebra over Q, n ∈ N.
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Proof. 1) Applying Proposition 3.4 (i) from [Sa; 19], for n → 5n + 2, we
obtain that the quaternion algebra HQ (f10n+5,−1) is a split algebra over Q, for
all n ∈ N.
2) For this purpose, we use Proposition 2.2. Therefore, we study if the equation
1
5
l20n · x2 − 2
5
· y2 = z2 (3.3.)
has rational solutions. From Proposition 2.1 xiv), we have l20n = 5f
2
10n + 2, for
all n ∈ N. It results 1
5
l20n− 25 = f210n, then (x0, y0, z0) = (1, 1, f10n)∈Q×Q×Q,
is a rational solution of equation (3.3). We obtain that the quaternion algebra
HQ
(
1
5
l20n,− 25
)
is a split algebra over Q, for all n ∈ N.
3) Using the same idea, we study if the equation
fn+1fn−1x2 + (−1)n−1 y2 = z2 (3.4.)
has rational solutions. From Proposition 2.1 iv), it results that f2n = fn+1fn−1+
(−1)n−1, for all n ∈ N, therefore (1, 1, fn) is a rational solution of equation
(3.4). We obtain that the quaternion algebra HQ
(
fn+1fn−1, (−1)n−1
)
is a split
algebra over Q, for all n ∈ N.
4) From Proposition 2.1 vii), we have l2n = 5f
2
n + 4 (−1)nand it results that the
equation 5x2+(−1)n−1 y2 = z2 has (fn, 2, ln) as a rational solution. Therefore,
the quaternion algebra HQ (5, (−1)n) is a split algebra over Q, for all n ∈ N.
5) We study if the equation
l2nl2n+2x
2 − 5y2 = z2 (3.5.)
has rational solutions. From Proposition 2.1 ix), we have l2nl2n+2 − 5f2n+1 =
1, n ∈ N, it results that the pair (1, f2n+1, 1) is a rational solution of the equation
(3.5). Therefore, the quaternion algebra HQ (l2nl2n+2,−5) is a split algebra over
Q, for all n ∈ N.
6) We study if the equation
2fnfn+1x
2 − f2ny2 = z2 (3.6.)
has rational solutions. From Proposition 2.1 x), we have that the pair (1, 1, fn)
is a rational solution of the equation (3.6). Therefore, the quaternion algebra
HQ (2fnfn+1,−f2n) is a split algebra over Q, for all n ∈ N.
7) From Proposition 2.1, xi), the equation
f2nx
2 − 2fnfn−1y2 = z2 (3.7.)
has the rational solution (1, 1, fn), therefore the quaternion algebraHQ (f2n,−2fnfn−1)
is a split algebra over Q, for all n ∈ N.
8) From Proposition 2.1 xii), the equation
fn−1fn+1x2 + f2ny
2 = z2 (3.8.)
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has the rational solution (2, 1, ln), therefore the quaternion algebraHQ
(
fn−1fn+1, f2n
)
is a split algebra over Q, for all n ∈ N.
In the same way, the equation
x2 − fn−1fn+1y2 = z2 (3.9.)
has the rational solution (ln, 2, fn), therefore the quaternion algebraHQ (1,−fn−1fn+1)
is a split algebra over Q, for all n ∈ N.
9) From Proposition 2.1 xiii), the equation
f2nx
2 + y2 = f2n+1 (3.10.)
has the rational solution (1, fn−1, fn+1), therefore the quaternion algebraHQ (f2n, 1)
is a split algebra over Q, for all n ∈ N. 
LetH (α, β) be the generalized real quaternion algebra with the basis {1, e2, e3, e4},
(fn)n≥0 be the Fibonacci sequence and (ln)n≥0 be the Lucas sequence. We con-
sider the quaternions
Fn = fn + fn+1e2 + fn+3e3 + fn+4e4
and
Ln = ln + ln+1e2 + ln+3e3 + ln+4e4,
called Fibonacci quaternion and, respectively, Lucas quaternion.
Proposition 3.5. With the above notations, in H (α, β), the following re-
lations are true:
1) 5n (Fn) = n (Ln) , n ∈ N.
2) 5(f2n+1 + f2n+5) = l2n + l2n+2 + l2n+4 + l2n+6, n ∈ N.
3) n (Fn + Ln) = n (Fn) + n(Ln) + 2 (f2n+7 − f2n−1) , n ∈ N.
Proof. 1) From Proposition 2.1 vii), we have
n(Ln) = l
2
n + l
2
n+1 + l
2
n+3 + l
2
n+4 =
= 5f2n + 4 (−1)n + 5f2n+1 + 4 (−1)n+1+
+5f2n+2 + 4 (−1)n+2 + 5f2n+3 + 4 (−1)n+3 = 5n (Fn).
2) From Proposition 2.1 viii), we have
n(Ln) = l
2
n + l
2
n+1 + l
2
n+3 + l
2
n+4 =
= l2n− 2 (−1)n+1 + l2n+2− 2 (−1)n+2+
+l2n+4− 2 (−1)n+3 + l2n+6− 2 (−1)n+4 =
= l2n + l2n+2 + l2n+4 + l2n+6.
From Proposition 2.1 iii),we have
n(Fn) = f
2
n+ f
2
n+1+ f
2
n+2+ f
2
n+3 = f2n+1+ f2n+5 and we apply the relation 1).
3) We have n (Fn + Ln) =
= (fn + ln)
2 + (fn+1 + ln+1)
2 + (fn+2 + ln+2)
2 + (fn+3 + ln+3)
2 =
= f2n + f
2
n+1 + f
2
n+2 + f
2
n+3 + l
2
n + l
2
n+1 + l
2
n+3 + l
2
n+4+
+2fnln + 2fn+1ln+1 + 2fn+2ln+2 + 2fn+3ln+3 =
7
= n (Fn) + n(Ln) + 2 (f2n + f2n+2 + f2n+4 + f2n+6) =
= n (Fn) + n(Ln)+2
(
f2n+1 − f2n−1 + f2n+2 − f2n + f2n+3 − f2n+1 + f2n+4 − f2n+2
)
=
= n (Fn) + n(Ln) + 2 (−f2n−1 + f2n+7). 
Fibonacci numbers are defined by using the addition operation over the real
field. Will be interesting to search what is happen when, instead of addition,
we use an arbitrary binary relation over R. Therefore, we will consider ”∗” a
binary relation over R and a, b ∈ R. We define the following sequence
ϕn = ϕn−1 ∗ ϕn−2, ϕ0 = a, ϕ1 = b.
We call this sequence the left Fibonacci type sequence attached to the binary
relation ”∗”, generated by a and b.
The following sequence
ϕn = ϕn−2 ∗ ϕn−1, ϕ0 = a, ϕ1 = b
is called the right Fibonacci type sequence attached to the binary relation ”∗”,
generated by a and b.
Proposition 3.6. Let A,B ∈ R such that ∆ = A2 +4B > 0. We define on
R the following binary relation
x ∗ y = Ax+By, x, y ∈ R.
We consider (ϕn)n∈N the left Fibonacci type sequence attached to the binary
relation ”∗”. Therefore, we have
ϕn+1 =
1
β − α
[
(−b+ aβ)αn+1 + (b− aα)βn+1] , (3.11.)
where α = A+
√
∆
2
, β = A−
√
∆
2
and
L = lim ϕn+1
ϕn
= max{α, β}. (3.12.)
Proof. Taking ϕ0 = a, ϕ1 = b, we get
ϕ2 = ϕ1 ∗ ϕ0 = Ab +Ba,
ϕ3 = ϕ2 ∗ ϕ1 = A (Ab+Ba) +Bb =
=
(
A2 +B
)
b +ABa, etc. From here, ϕn can be write under the form
ϕn = ϕn−1 ∗ ϕn−2 = xnb+ yna.
We have
ϕn+1 = xn+1b+ yn+1a
and
ϕn+1 = Aϕn +Bϕn−1 = A (xnb+ yna) +B (xn−1b+ yn−1a) =
= (Axn +Bxn−1) b+ (Ayn +Byn−1) a. It results,
xn+1 = Axn +Bxn−1
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and
yn+1 = Ayn +Byn−1.
We consider the roots of the equation
x2 −Ax−B = 0,
α =
A+
√
∆
2
, β =
A−√∆
2
,∆ = A2 + 4B.
Therefore,
xn+1 = X1α
n+1 +X2β
n+1,
yn+1 = Y1α
n+1 + Y2β
n+1,
with X1 +X2 = 0, X1α+X2β = 1 and Y1 + Y2 = 1, Y1α+ Y2β = 0. We obtain
X1 = − 1β−a , X2 = 1β−a , Y1 = ββ−a , Y2 = − αβ−a . It results,
xn+1 =
1
β − a (−α
n+1 + βn+1)
and
yn+1 =
1
β − a (βα
n+1 + αβn+1).
Therefore, by straightforward calculations, we get
ϕn+1 =
1
β − α
[
(−b+ aβ)αn+1 + (b− aα)βn+1] .
This formula is a Binet-type formula.
Now, for the limit L, we obtain
L= lim
n→∞
ϕn+1
ϕn
= lim
n→∞
1
β−α
[
(−b+aβ)αn+1+(b− aα)βn+1]
1
β−α [(−b+aβ)αn+(b− aα)βn]
=max{α, β}.

Remark 3.7.
1) Similar results can be obtained for the right Fibonacci type sequences.
2) The above formula (3.11) is a Binet’s-type formula. Indeed, for A = B =
1, a = 0, b = 1, we obtain the Binet’s formula for Fibonacci sequence.
3) The limit L, from relation (3.12) is a Golden-ratio type number. Indeed,
for A = B = 1, a = 0, b = 1, we obtain the Golden-ratio.
We consider now the following difference equation of degree two
dn = adn−1 + bdn−2, d0 = α, d1 = β, (3.13.)
with a, b, α, β arbitrary integers, n ∈ N. It is clear that d2 = aβ + bα, d3 =
a2β ++abα+ bβ, etc.
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Let (G, ∗) be an arbitrary group and g0, g1 ∈ G. We define the following
sequence
ϕn = ϕ
a
n−1 ∗ ϕbn−2, ϕ0 = gα1 ∗ gd−10 , ϕ1 = gβ1 ∗ gα0 , (3.14.)
where d−1 is defined depending on the sequence (dn)n∈N and g
a = g ∗ g ∗ ... ∗
g, a−time, g ∈ G. This sequence is called the left d-type sequence attached to
the binary relation ”∗”, generated by g0 and g1.
In a similar way, we define the right d-type sequence attached to the binary
relation ”∗”, generated by g0 and g1, namely
ϕn = ϕ
b
n−2 ∗ ϕan−1, ϕ0 = gd−10 ∗ gα1 , ϕ1 = gα0 ∗ gβ1 , (3.15.)
where d−1 is defined depending on the sequence (dn)n∈N and g
a = g ∗ g ∗ ... ∗
g, a−time, g ∈ G.
Proposition 3.8. With the above notations, if g1∗g0 = g0∗g1, the following
relation holds:
ϕn = g
dn
1 ∗ gdn−10 . (3.16.)
Proof. By straightforward calculations, it results
ϕ2 = ϕ
a
1 ∗ ϕb0 =
(
g
β
1 ∗ gα0
)a
∗
(
gα1 ∗ gd−10
)b
=
= gaβ+bα1 ∗ gaα+bd−10 = gad1+bd01 ∗ gad0+bd−10 =
= gd21 ∗ gd10
ϕ3 = ϕ
a
2 ∗ ϕb1 =
(
gd21 ∗ gd10
)a
∗
(
gd11 ∗ gd00
)b
=
= gd31 ∗ gd20 . Using induction, we get
ϕn+1 = ϕ
a
n ∗ ϕbn−1 =
(
gdn1 ∗ gdn−10
)a
∗
(
g
dn−1
1 ∗ gdn−20
)b
=
= g
dn+1
1 ∗ gdn0 .
Remark 3.9.
1) For a = b = 1, α = 0, β = 1, we get the Fibonacci sequence and relation
(3.14) becomes
ϕn = ϕn−2 ∗ ϕn−1, ϕ0 = g−10 , ϕ1 = g1,
since f−1 = 1. In this case, relation (3.16) has the following form
ϕn = g
fn
1 ∗ gfn−10 . (3.17.)
Relation (3.17) was independently found in [HKN; 12], Proposition 5.2 and it
is a particular case of relation (3.16).
2) For a = b = 1, α = 2, β = 1, we get the Lucas sequence and relation (3.14)
becomes
ϕn = ϕn−2 ∗ ϕn−1, ϕ0 = g21 ∗ g−10 , ϕ1 = g1 ∗ g20 .
In this case, relation (3.16) has the following form
ϕn = g
ln
1 ∗ gln−10 .
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Conclusions. In this paper, we provided new applications of Fibonacci and
Lucas sequences. In Proposition 3.2 and in Proposition 3.3, we obtained some
algebraic structures defined by using Fibonacci and Lucas elements. In Propo-
sition 3.5, we provided some new properties and relations of these sequences.
In Proposition 3.6 and in Proposition 3.8, we also generalized Fibonacci and
Lucas numbers by using an arbitrary binary relation over the real fields instead
of addition of the real numbers and we give properties of the new obtained
sequences.
Moreover, taking into consideration some known relations between these
numbers, in Proposition 3.4, we give a method to find new examples of quater-
nion split algebras. This method can be an easy alternative for using the prop-
erties of quadratic forms.
As a further research, we intend to continue the study of such sequences,
especially in their connections with quaternion algebras, expecting to obtain
new and interesting results.
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